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0. Introduction 

This paper is the fourth in a series where we describe the space of all embedded minimal 
surfaces of fixed genus in a fixed (but arbitrary) closed 3-manifold. The key is to understand 
the structure of an embedded minimal disk in a ball in 



This was undertaken in ||CM3|] , 
CM4|| and the global version of it will be completed here; see ||CM15|| for discussion of the 
local case and [|CM13|| , [|CM14|| where we have surveyed our results about embedded minimal 
disks. 



Our main results are Theorems 0.1, 0.2 below 



One half of S. 

5^ 



The other half. 



Figure 1. Theorem |0.1 
set, S, and the two 
graphs. 



- the singular 
multi-valued 



Theorem 0.1. See fig. 1. Let Sj C -B/?- = Br^{0) C be a sequence of embedded 
minimal disks with SEj C OBr^ where Ri oo. If sup^^p^, I^P ~^ C)0, then there exists a 
subsequence, Ej, and a Lipschitz curve iS : R — > R'^ such that after a rotation of R'^: 
1^ X3(iS(t)) = t. (That is, iS is a graph over the xs-axis.) 

2^ Each Ej consists of exactly two multi- valued graphs away from S (which spiral together). 
3^ For each 1 > a > 0, Ej \ 5 converges in the C"-topology to the foliation, JF = {xs = t}t, 
of R3. 

4 For all r > 0, t, then supB^(5(t))nE, I^P 



oo. 



In 2^, 3^ that Ej \ S are multi-valued graphs and converges to J-' means that for each 
compact subset K C \S and j sufficiently large K fl Ej consists of multi-valued graphs 
over (part of) {x^ = 0} and K fl Ej — > i^' fl JF. 

This theorem (as many of the results below) is modeled by the helicoid and its rescalings. 
The helicoid is the minimal surface E^ in R^ given by {s cost, s sin t, —t) where s,t G R. 

The first author was partiaUy supported by NSF Grant DMS 9803253 and an Alfred P. Sloan Research 
Fellowship and the second author by NSF Grant DMS 9803144 and an Alfred P. Sloan Research Fellowship. 
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Take a sequence Sj = S of rescaled helicoids where Oj — 0. Since the hehcoid has cubic 
volume growth, the density is unbounded. The curvature is blowing up along the vertical 
axis. The sequence converges (away from the vertical axis) to a foliation by flat parallel 
planes. The singular set S (the axis) then consists of removable singularities. 















V B^ro J j 


X3 = 




Figure 2. Theorem |03 - the one- 
sided curvature estimate for an em- 
bedded minimal disk S in a half-space 
with dT, C dB2ro'- The components of 
Bj-Q n S intersecting B^^o are graphs. 



Theorem 0.2. See fig. 2. There exists e > 0, such that if C B2ro n {x^ > 0} C is 
an embedded minimal disk with dH C dB2ro, then for all components E' of B^q fl S which 
intersect B^^ro 

sup|/ls|' < ro"'. (0.3) 

E' 

Using the minimal surface equation and that S' has points close to a plane, it is not hard 
to see that, for e > sufficiently small, (p.3|) is equivalent to the statement that S' is a graph 
over the plane {xs = 0}. 

An embedded minimal surface S which is as in Theorem |0.2| is said to satisfy the (e, tq)- 
effective one-sided Reifenberg condition; cf. Appendix ^ We will often refer to Theorem p.2| 
as the one-sided curvature estimate. 




Figure 3. The catenoid given by re- 
volving xi = coshxs around the x^- 
axis. 



Rescaled catenoid. 
Y 

X3=0 

Figure 4. Rescaling the catenoid 
shows that simply connected is needed 
in the one-sided curvature estimate. 



Note that the assumption in Theorem 0^ that S is simply connected is crucial as can 
be seen from the example of a rescaled catenoid. The catenoid is the minimal surface in 
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r3 given by (coshs cost, cosh s sint,s) where s,t G R; see fig. 3. Under rescahngs this 
converges (with muhiphcity two) to the fiat plane; see fig. 4. 
An almost immediate consequence of Theorem p.2| is: 




graph 



graph 



Figure 5. Corollary 0: Two suffi- 
ciently close components of an embed- 
ded minimal disk must each be a 
graph. 



Corollary 0.4. See fig. 5. There exist c > 1, e > so: Let Si, S2 C -Bcro C R'^ be disjoint 
embedded minimal surfaces with 5Ej C dBcT^ and B^^o H Ej 7^ 0. If Si is a disk, then for all 
components S'^ of fi^o H Si which intersect i?ero 

sup|A|2<ro^ (0.5) 



To explain how these theorems are proven using the results of [(JM3|-[ pM5| ], and [ |CM7 



we will need some notation for multi-valued graphs. Let V be the universal cover of the 
punctured plane C \ {0} with global (polar) coordinates (p, 6) and set S^^f'^ = {r < p < 
s 1 Oi < 9 < 62}. An A^- valued graph S of a function u over the annulus Dg \ D,. is 
a (single-valued) graph (of u) over 

^-jv^,jv^ (Sfi/2 will denote the subgraph of S over 
Sl^f'^). The separation, see fig. 6, between consecutive sheets will be denoted by w so 
w{p,9) = u{p,9 + 27t) — u{p,9). A multi-valued graph is embedded if and only if \w\ > 
0. Note (see fig. 7) that one-half of the helicoid, i.e., each of the two components of 
(s cost, ssint, — t) \ {s = 0}, as an 00-valued graph of a function given in polar coordinates 
by u{p, 9) = —9, u{p, 9) = —9 + n, respectively. In particular, w{p, 9) = —2 vr. 

In this paper, as in | |(J1V17| |, we have normalized so embedded multi- valued graphs have 
negative seperation. This can be achieved after possibly refiecting in a plane. 

In [PM4|| we showed that an embedded minimal disk in a ball in R^ with large curvature 



at a point contains an almost fiat multi-valued graph nearby. Namely, we showed: 
Theorem 0.6. (Theorem 0.2 of ^M§). See A. and B. in fig. 8. Given A^ e Z+, e > 0, there 



exist Ci, C2 > so: Let G S^ C -Br C R'^ be an embedded minimal disk, 9S C dB^. If 
sup^^^ |Ap > ACfr^^ for some < Vq < R, then there exists (after a rotation) an A^-valued 

graph Sg C S n {0:3 < {x^ + x^)} over D^jc^ \ D2ro with gradient < e. 

An important consequence of Theorem |0.6| is (see theorem 5.8 of ||CM4|| ) : Let Sj C B2R 



be a sequence of embedded minimal disks with 9Sj C dB2R. Clearly (after possibly going 
to a subsequence) either (1) or (2) occur: 
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Figure 6. The separation of a multi- 
valued graph. (Here the multi-valued 
graph is shown with negative separa- 
tion.) 
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Xs-axis 




Figure 7. The helicoid is obtained 
by gluing together two oo-valued 
graphs along a line. The two multi- 
valued graphs are given in polar co- 
ordinates by ui{p,9) = —9 and 
U2{p,0) = —9 + 71. In either case 
w{p,9) = -2tt. 




Figure 8. Proving Theorem ^ A. 
Finding a small A^- valued graph in E. 
B. Extending it in S to a large A^- 
valued graph. C. Extend the number 
of sheets. (A. follows from | |(J1V14| | and 
B. follows from [pMSj .) 



(1) sup^^pi^i I^P < C < cxD for some constant C. 

(2) sup^^ns, I^P ^ oo. 

In (1) (by a standard argument) Bs{yi) is a graph for all yi G -Br fl Ej, where s depends only 
on C. In (2) (by theorem 5.8 of [|CM4|] ) if e BrH Ej with \A\^{yi) oo, then we can 
after passing to a subsequence assume that yi — > y, each Ej contains a 2-valued graph E^ j 
over Dn/c^iy) \ D^Xv) with 0, and E^^j converges to a graph y eT.^ over Dn/c^iy)- In 
either case in the limit there is a smooth minimal graph through each point in the support. 

These multi-valued graphs should be thought of as the basic building blocks for an em- 
bedded minimal disk. In fact, using a standard blow up argument, we showed in [|CM4|| 
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(corollary 4.14 combined with proposition 4.15 there) that Theorem p.6| was a consequence 
of the following that we will use to construct the actual building blocks starting off on the 
smallest possible scale: 



Theorem 0.7. [ pMl . Given iV G Z+, e > 0, there exist Ci, C2,C3 > so: Let G 



S C Bji C R be an embedded minimal disk, (9S C dB^. If sup^^ 

\A\' < ^Cir^' and 

|Ap(0) = C\ Tq'^ for some < ro < -R, then there exists (after a rotation) an iV- valued graph 
C S n {x| < {xl + X2)} over Dfi/c2 \ ^n-, with gradient < e and separation > C3 ro over 



It will be important for the application of Theorem p.7| here that the initial separation of 
the sheets is proportional to the initial scale that the graph starts off on. 

Theorems p.l| and p.2| deal with how the building blocks fit together. A consequence of 
Theorem p.l| is that if an embedded minimal disk starts to spiral very tightly, then it can 
unwind only very slowly. That is, in a whole extrinsic tubular neighborhood it continues to 
spiral tightly and fills up almost the entire space. 

Let us briefly outline the proof of the one-sided; i.e.. Theorem |0]^. Suppose that E is 
an embedded minimal disk in the half-space {x^ > 0}. We prove the curvature estimate 
by contradiction; so suppose that S has low points with large curvature. Starting at such 
a point, we decompose (see Corollary |1I1.1.3|) S into disjoint multi-valued graphs using the 
existence of nearby points with large curvature (see Proposition [1.0. 11|) , a blow up argument. 



and ||CM3|| , [ pM4| ] . The key point is then to show (see Proposition |1II.2.2| and fig. 9) that 



we can in fact find such a decomposition where the "next" multi-valued graph starts off a 
definite amount below where the previous multi- valued graph started off. In fact, what we 
show is that this definite amount is a fixed fraction of the distance between where the two 
graphs started off. Iterating this eventually forces E to have points where X3 < 0. Which is 
the desired contradiction. 




Consecutive 
blow up points. 



Figure 9. Two consecutive blow up 
points satisfying ( [111.2.1| ). 



To prove this key proposition (Proposition [111.2.2| ) we use two decompositions and two 
kinds of blow up points. The first decomposition which is Corollary p.ll.l.3| uses the more 
standard blow up points given by ( [1II.1.1| ). These are pairs {y,s) where y G E and s > 
is such that supg^^^j-^) < 4|74p(i/) = 4C^s~^. The point about such a pair {y,s) is that 
by ||CM3|| , ||CM4|| (and an argument in Part || which allows us replace extrinsic balls by 
intrinsic ones), then S contains a multi- valued graph near y starting off on the scale s. (This 
is assuming that Ci is a sufficiently large constant given by ||CM3 |, [ CM4|| .) The second 
kind of blow up points are the ones satisfying ( [1II.2.1|) . Basically ( pil.2.1| ) is ([III.1.1| ) (except 
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Blow up point satisfying ( [III.2.1| ). 



Blow up point satisfying 0111.2. Ij ) . 
The height of its multi-varnjed 
graph could grow. 




Blow up points satisfying 



Blow up point satisfying ( [1II.2.1| ). 

Figure 10. Between two consecu- 
tive blow up points satisfying ( [111.2. ![ ) 
there bunch of blow up points 

satisfying ( |1II.1.1| ). 



height 

Blow up point satisfying ( [111.1.1| ). ; 
The separation of its mult 1- valued > 
graph could decay sublinearly. 

Blow up point satisfying (|III.2.1 



Figure 11. Measuring height. Blow 
up points and corresponding multi- 
valued graphs. 



for a technical issue) where 8 is replaced by some really large constant C. The point will 
then be that we can find blow up points satisfying (|III.2.1|) so that the distance between 
them is proportional to the sum of the scales. Moreover, between consecutive blow up points 
satisfying (|III.2.1|) , we can find a bunch of blow up points satisfying ( pi.l.l| ); see fig. 10. 



The advantage is now that if we look between blow up points satisfying (P^II.2.1|) , then the 
height of the multi-valued graph given by such a pair grows like a small power of the distance 
whereas the separation between the sheets in a multi-valued graph given by ( [1II.1.1| ) decays 
like a small power of the distance; see fig. 11. Now thanks to that the number of blow 
up points satisfying (pil.l.l|) (between two consecutive blow up points satisfying ( III. 2.1 )) 
grows almost linearly then, even though the height of the graph coming from the blow up 
point satisfying ( |III.2.1|) could move up (and thus work against us), then the sum of the 
separations of the graphs coming from the points satisfying ( p.ll.l.l| ) dominates the other 
term. Thus the next blow up point satisfying ( [111.2.1| ) (which lies below all the other graphs) 
is forced to be a definite amount lower than the previous blow up point satisfying ( |111.2.1D . 

Let Xi,X2, X3 be the standard coordinates on and 11 : —>■ R^ orthogonal projection 
to {xs = 0}. For y E S C T, cH^ and s > 0, the extrinsic and intrinsic balls are Bs{y), Bs{y) 
and J^y^s is the component of Bs{y) fl S containing y. Dg denotes the disk Bs{0) fl {xs = 0}. 
Ks the sectional curvature of a smooth compact surface S and when E is immersed Aj] will 
be its second fundamental form. When S is oriented, is the unit normal. 

This paper completes the results announced in ||CM11|] and ||CM12| . 

Using Theorems p.l| , p.2| , W. Meeks and H. Rosenberg proved that the plane and helicoid 
are the only complete properly embedded simply-connected minimal surfaces in R^, ||MeRo| . 



Part I. The proof of Theorem p.l| assuming Theorem p.2| and short curves 

In this part we will show how Theorem ^]l] follows from Theorem |0.2| , the results about 



existence of multi- valued graphs from [ CM3 |, | CM4 ] which were recalled in the introduction 



corollary III. 3. 5 of ||CM5|| , and the results about properness of embedded disks from ||CM7 
(once we see that the conditions in corollary 0.7 of ||CM7|| are satisfied). The remaining parts 
of this paper are devoted to showing Theorem (Part HD and that corollary 0.7 of [ UM7 
applies (Part see, in particular. Theorem [1.0. 10| below). 
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We will use several times that given a > 0, Proposition II. 2. 12 of | CM3|| gives Ng so 
if u satisfies the minimal surface equation on S _ J" n with iVnl < 1, and w < 0, then 

^ e 9 ,e 9 H ' ' — 

p|Hess„|+p|Vw|/|w| <aon^°'^^. Theorem 3.36 of |CM| then yields |Vn-Vn(l, 0)| < Ca. 
We can therefore assume (after rotating so Vm(1, 0) = 0) that 

|Vm| + p |Hess„| + 4:p\Vw\/\w\ + |Hess„,|/|w| < e < l/(27r) . (1.0.8) 

The bound on |Hess^| follows from the other bounds and standard elliptic theory. In what 
follows, we will assume that w < 0. (This normalizes the graph of u to spiral downward; 
this can be achieved after possibly reflecting in a plane.) 

If S is an embedded graph of u over S^^^^^r^^^ ^ then E is the region over D^i \ Di between 
the top and bottom sheets of the concentric subgraph over S'j"^'^'^'''^'^ (recall that, possibly 
after reflection, we can assume w; < 0). Namely, when is even, E is the set (see fig. 12) 
of all (r cos 9, r sin 6', t) with 1 < r < /?, —2tx < 6* < 0, and 

u{r,9 + {N + 2)^)<t<u{r,9). (1.0.9) 

To apply corollary 0.7 of [|CM7|] we need the following result (which will be proven in Part 
rvD on existence of "the other half" of an embedded minimal disk and short curves, ae, 
connecting the two halves: 



E is the shaded region. 
Figure 12. The set E in ( [Tagl ). 



(jg C S is a curve connecting 
Jhe two halves. 




Figure 13. Theorem |I.0.10| - the ex- 
istence of the other half and the short 
curves, ag, connecting the two halves. 



Theorem I.O.IO. See fig. 13. There exist C, i?o, iVo, e > so for > A^'q: Let S C B^r be 
an embedded minimal disk, dH C dB^R, R > Rq, and Si C S a graph of ui with |Vui| < e 
over S^^^^^'^^''. Then E nT,\T,i is a graph of U2 over 5'^'^'*'^'^ and ui{l, 2ti) < ^2(1, 0) < 
ni(l, 0). Moreover, for all < 6* < iV + 27r, a curve ae (Z {x\ + xl < 1} HT. with length < C 
connects the image of ui over (1, 9) with the image of U2 over (1, 9). 

The main example of the "two halves" of an embedded minimal disk and short curves con- 
necting them comes from the helicoid. Namely, let S be the helicoid, i.e., E = (p cos 6*, p sin 6*, - 
where p, 6* G R, then S \ {p = 0} consists of two 00-valued graphs Si, S2 and ae given by 
S n {xs = —9} union {( — cosr, — sinr, — r) \ 9<t<9 + tt} are short curves connecting the 
two halves. Theorem [1.0. 10| asserts that this is the general picture. 

We will use the following result from ||UM5|| to get nearby points with large curvature 
(here, as before, S^^^ is the component of Bs{y) fl S containing y): 
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Point with large 
curvature in Sq. 




Figure 14. Proposition |I.0.11| - exis- 
tence of nearby points with large cur- 
vature. 



Proposition 1. 0.11. (Corollary III. 3. 5 of ||CM5|| ). See fig. 14. Given Ci, there exists C2 so: 
Let G S C B2C2 ro be an embedded minimal disk. Suppose Si, S2 C Sn{a;3 < {xl+x"^)} are 
graphs of Ui satisfying ( |1.0.8| ) on S~^^'^^^, Mi(ro,27r) < M2(ro,0) < Mi(ro,0), and v C <9Eo,2ro 
a curve from Si to S2. Let Sq be the component of Eo,c'2r-o \ (^i U S2 U i/) which does not 
contain So,r(,- Suppose either 9S C dB2C2ro or S is stable and Sq does not intersect dJ2. 
Then 

sup |xp > 4C2. (L0.12) 

a:eSo\-B4rQ 



Note that by the curvature estimate for stable surfaces, 



2[ , when S is stable then 



the conclusion of Proposition |1.0.11| is that no such surface exists for Ci, C2 sufficiently large. 



I.l. Regularity of the singular set 

If 5 > and z G R^, then we denote by Cs{z) the (convex) cone with vertex z, cone angle 
(7r/2 — arctanJ), and axis parallel to the X3-axis. That is, see fig. 15, 



Cs{z) = {xeR' I (X3 - Zs)' > 5' ((Xi - Z,f + (X2 - Z2f)} . 



(Li.i: 




Figure 15. It follows from the one- 
sided curvature estimate that the sin- 
gular set has the cone property and 
hence is a Lipschitz curve; see Lemma 
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Lemma 1.1.2. See fig. 15. Let G 5 C be a closed set such that for some S > and 
each z e S, then S C Cs{z). If for all t e X3{S) and all e > 0, 5 n {t < X3 < t + e} 7^ 0, 
5 n {t — e < X3 < t} 7^ 0, then S fl {X3 = t} consists of exactly one point St for all t e R, 
and t ^ St is a. Lipschitz parameterization of S. In fact, 

1^2 -til < \St,-St, \ < Vl + 6~^\t2-h\. (1.1.3) 

Proof. First by the cone property it follows that S fl {X3 = t} consists of at most one point for 
each t G R. Assume that S fl {xs = to} = for some to- Since S C R^ is a nonempty closed 
set and : S C Cs{0) — > R is proper, then Xs{S) C R is also closed (and nonempty). Let 
ts G xsi^S) be the closest point in x^^S) to to. The desired contradiction now easily follows 
since either S H {tg < x^ < to} or S (1 {to < X3 < t^} is nonempty by assumption. 

It follows that t — s> iSt is a well-defined curve (from R to iS). Moreover, since St^ C {xs = 
ti + (t2 - ti)} n CsiStJ C B^^^^,^_,^^{St,), follows. □ 

We will refer loosely to a set S as in Lemma [1.1. 2| as having the cone property. Next we 
will see, by a very general compactness argument, that for any sequence of surfaces in R^, 
after possibly going to a subsequence, then there is a well defined notion of points where the 
second fundamental form of the sequence blows up. The set of such points will below be the 
S in Lemma |I.1.2| ; we observe in Corollary |I.1.9| below that S has the cone property. 



Lemma 1.1.4. Let Hi C i?_R-, dT,i C dB^i-, and i?j — > 00 be a sequence of (smooth) compact 
surfaces. After passing to a subsequence, S^, we may assume that for each x G R^ either 
supB^(2:)nSj I^P ~^ ^ fo^ all r > or sup^- sup^^j-^^nj^,^, < 00 for some r > 0. 

Proof. For r > and an integer n, define a sequence of functions on R"^ by 

A,r,n(a;) = min{n, sup |v4|^} , (1.1.5) 

Br{x)n'Si 



where we set supg^^^,),-,^^, \A\'^ = if Br{x) fl Sj = 0. Set 

2*^-1 

'Pi,r,n = lim 2 > A,(l+m2-fc)r,n 5 (1.1.6) 
m=0 

then Vi^r,n is continuous and Ai^2r,n > ^i,r,n > A.i^r,n- Let z/j ,.,n be the (bounded) functionals, 

iyi,rA^)= I 0Pi,r-,nfor 0GL2(R3). (1.1.7) 

By standard compactness for fixed r, n, after passing to a subsequence, i'j^r,n K,n weakly. 
In fact (since the unit ball in L'^(Ti^) has a countable basis), by an easy diagonal argu- 
ment after passing to a subsequence we may assume that for all n,m > 1 fixed ^'j,2-™,n 
^2-"^,n weakly. Note that if a; G R^ and for all m, n with > |x| + 1, (identify B2-m[x) with 
its characteristic function) 

'^2~-,n(52-".(x)) > n Vol(52~™) , (1.1.8) 

then for each fixed r > 0, sup^^(^)|-|2j I^P ~* cxd. Conversely, if for some n > |x| + 1, m, 
( [1.1. 8| ) fails at x, then sup^ snp^^f^^-^^f^Y.. < oo for r = 2~™~^ □ 
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To implement Lemma 1.1.2 in the proof of Theorem p.l| , we will need the following (direct) 
consequence of Theorem with playing the role of the plane (and the maximum principle 
as in Appendix y): 




Figure 16. Corollary fT^ . With 
playing the role of X3 = 0, by the one- 
sided estimate, S consists of multi- 
valued graphs away from a cone. 



Corollary 1.1.9. See fig. 16. There exists Sq > so: Suppose S C B2R, 9S C dB2R is an 
embedded minimal disk containing a 2- valued graph C {x| < 5q [xI + Xg)} over Dr \ Dr^ 
with gradient < Sq. Then each component of Br/2 H S \ (C5g(0) U -B2ro) is a multi- valued 
graph with gradient < 1. 

Note that since S is compact and embedded, the multi-valued graphs given by Corollary 
I.1.9| spiral through the cone. Namely, if a graph did close up, then the graph containing 



would be forced to accumulate into it, contradicting compactness. 

is: 



Another result we need to apply Lemma 1.1.2 



Lemma 1. 1.10. See fig. 17. There exists cq > so: Let Sj C Br^, (9Sj C OBr^ be a 
sequence of embedded minimal disks with i?j 00. If S^^^ C Ej is a sequence of 2- valued 
graphs over Drjc \ Dei with ^ and Ed,i {^3 = 0} \ {0}, then 

sup |v4|2^oo. (LI. 11) 

BinEin{x3>co} 

Proof. Suppose not, see fig. 18; so assume that for each cq > 0, there is a sequence of 
embedded minimal disks Ej (and Ci depending on both cq and the sequence) with 

sup |Ap < Ci < 00 (LI. 12) 

BinT,in{x3>co} 

and 2-valued graphs E^,; C Ej over DR^/c\Dei with 0, E^^ j {xs = 0}\{0}. Increasing 
Ci (yet still ej —>■ 0) and replacing Ri by Si 00, we can assume E^ j C {x^ < ef {x\ + x^)} 
is a 2-valued graph over D^^Ngg, \ D^-Ng^,/2 with gradient < (A'^ given before (P^.0.8| )). 

By Corollary [1.1. 9| , each component of B2^Ngg, fl Ej \ (C5„(0) U B^-Ng^J is a graph. Hence, 
by the Harnack inequality, if a > is sufficiently small and G -65. H E^ \ (0^(0) U -B2eJ, 
then for i large Ej contains an {Ng + l)-valued graph over D^Ng^g_^ \ D^-Ng^g.^/2 with gradient 
< e < l/(47r) and so is in the image of {|^| < n} for this graph. Consequently, each 
component of i?^. H E, \ (Ca(0) U -B2eJ is a multi- valued graph satisfying ( |1.0.8| ). 
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Point with large 
curvature in S,-. 



X3 = Co 




Figure 17. Lemma |I.1.10| - point 



with large curvature in Ej above the 
plane X3 = cq but near the center of 
the 2- valued graph S^ j. 



Nonproper multi- valued graph 
in the limit of the S, 's. 




Limit of Tid , 



CsiO) 

Figure 18. If Lemma |1.1.10| failed, 
then by Corollary [1.1. 9| the limit of the 
Ej's would contain a nonproper multi- 
valued graph contradicting corollary 
0.7 of |CM^] . 



Fix h, i with < h < a i. We get points Zi G {x^, = h, xl + yf 



graphs Zi G Si j C {0:3 > 0} fl Sj defined over S 3'^'^'^+^' 



with iV,- 



n Sj and multi- valued 
£/2 5 /2 ' ""^"'■^ ^00, so Zi is in the image 
of S^^'^ , and so Si j spirals into {x^ = 0} (note that we have assumed that it spirals down; 
we can argue similarly in the other case). In particular, Theorem L.0.10 applies, giving the 
other multi-valued graphs T,2,i so Si^j and T,2,i spiral together and so S2,i is the only part 
of Sj between the sheets of Si j. Moreover, Theorem |1.0.10| also gives the short curves ag^i 
connecting these. It now follows from corollary 0.7 of | CM7| j that the separations of the 
graph Si j at Zi go to 0. Since this holds for all such h and £, it follows that Sj \ Cq(0) T\ 
where ^ is a foliation of R'^ \ Cq,(0) by minimal annuli (all graphs over part of {xs = 0}). 
Theorem [U]^ gives < C2 < 00 so, given ro > 0, if |/j G Sj \ -Bsr-g, i is large, and 



(L1.13) 



then there is a 2-valued graph S^'- C Sj \ Bc.^\y^\ starting in Bc^\yi\{yi) C {xj, > C^ro} 
(by Theorem |0?7| , S^v starts in Bci\y.\{yi) where C4 = 04^(02) and, by Corollary [1.1. 9| , yi G 
= 02(02) > 1 be given by Proposition [1.0. 11| and set ro = l/iAO!^). 
with ej < ii < tq/A, < hi < aii and let 2j,Si^j,S2,j be as above. 

Since S2,j 
by curves 



C5.,/2(0)). Let 
Choose hi,£i — 



Since 9S 



i,Zi,2ro 



is a simple closed curve, it must pass between the sheets of S 



l.i- 



is the only part of Sj between the sheets of Si j, we can connect Si j and S 
Ui C (9Sj 2. 2ro which are above Si j. We can now apply Proposition [1.0. 11| to get the points 



2,1 



Vi e Bi/2{zi) n Sj \ B2ro{zi) C Bi/2+Ae, \ B3ro as in ([I.1.13[) . 



To get the desired contradiction, observe that if Cq < O^tq, then the 2-valued graphs S^'- 
given by ( [1.1. 13[) and Theorem |or^, have separation > C5 = 6*5(6*1) > (since Bc^\y.\{yi) C 
{xs > O^tq}). Namely, this separation is on a fixed scale bounded away from zero even as 

(0), contradicting Sj \ Ca(0) T and the lemma follows. □ 



S^'^ extends out of C, 
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1.2. Proof of Theorem IoTT 



Proof, (of Theorem p.l|) . By Lemma [I.1.4| , after passing to a subsequence (also denoted by 



Sj) we can assume that for each x G either 

sup \A\^ ^ oo for all r > , (I-2-1) 

Br{x)r\T,i 

or supj sup^^(2.)|-|Si I^P < C)0 for some r > 0. Let 5 C be the points where ( [1.2. 1| ) holds. 
By assumption Bi (1 S ^ ^. So after a possible translation we may assume that G iS 
and it follows easily from the definition that S is closed. By theorem 5.8 of ||(J1V14| ] (and 



Bernstein's theorem; see for instance theorem 1.16 of [pMl|| ), there exists a subsequence Tij 
and 2-valued graphs j C Sj over Dfj_./c \ D^. with ej — > such that ,,• {xs = 0} \ {0} 
(after possibly rotating R'^). (This fixes the subsequence and the coordinate system of R^.) 
Again by theorem 5.8 of ||CM4|| (and Bernstein's theorem) for each St E S there are 2-valued 
graphs S^^j. C over Dn^/c{St) \ D^.{St) with such that S^ ,,. {xs = t]\ {St}. 

Hence, by Corollary [1.1. 9| , S C Cs{,St). By Lemma [L.1.10| (and scaling), for all t G xz{S) and 
all e > 0, 5 n {t < a;3 < t + e} 7^ 0, 5 n {t - e < < t} 7^ 0. It follows from Lemma [1X2| 
that t — > 5t is a Lipschitz curve and \ iS — JF \ 5 in the C"-topology for all a < 1 (and 
with uniformly bounded curvatures on compact subsets of R^ \iS; see also Appendix O). □ 



Part II. "The other half" 



Theorem |1.0.10 will follow by first showing that if an embedded minimal disk contains a 



multi-valued graph, then "between the sheets" of the graph the surface is another multi- 
valued graph - "the other half" . Second, we show an intrinsic version of Theorem p.7| and, 
third, using this intrinsic version, we construct in Part |V] the short curves connecting the 
two halves. 

II. 1. "The other half" of an embedded minimal disk 

We show first that any point between the sheets of a multi- valued graph must connect to 
it within a fixed extrinsic ball: 

Lemma II. 1.1. There exist > 0, > 2 so: Let G E C Br be an embedded minimal 
disk with 9S C c?-B_r, C {x\ < x^ + a;|} flS a 2-valued graph over D^roXDro with gradient 
< e^. If Eq is the region over D2ro \ -Dro between the sheets of E^, then £"0 n E C T,Q^Csro- 

Proof. Fix > small and Cg large to be chosen. If the lemma fails, then there are disjoint 
components E^, E;, of -Bc^ro H ^ with E^ C E^ and y E EqP[ E^. By the maximum principle, 
Efl, Efe are disks. Let fjy be the vertical segment (i.e., parallel to the Xs-axis) through y 
connecting the sheets of E^. Fix a component rjy of f/^ \ E connecting E;, to E \ E^,. Let VL 
be the component of Bc^ro \ E containing rjy (so SE^ and rjy are linked in VL). ||MeYa]| gives 



a stable disk P C f2 with dV = (9Efe. Using the linking, P intersects r]y. [Q, ||CM2|| (cf. 



lemma 1.0.9 of [PM3|| ) give Cs so any component Ty of -Bioro H T intersecting r]y is a graph 



with bounded gradient over some plane; for eg small, this plane must be almost horizontal. 
Hence, Ty is forced to "cut the axis" (i.e., intersect the curve in E^ over dDr^ connecting the 
top and bottom sheets), giving the desired contradiction. □ 



LOCALLY SIMPLY CONNECTED 
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In the next proposition S C -84/? with 9S C dBiji is an embedded minimal surface and 
Si C {xg < Xi + X2} n S an (A^ + 2)-valued graph of Ui over D2R \ D^.^ with |Vmi| < e 
and > 6. Let Ei be the region over Dji \ -D2ri between the top and bottom sheets of the 
concentric (A^ + l)-valued subgraph in Si. To be precise, Ei is the set of all (r cos6',rsin^,t) 
with 2ri < r < R, {N - 1)tx < 6 < {N + 1)tt, and 

Ui{r,e)<t<Ui{r,e-2NTx). (11.1.2) 

Proposition II. 1.3. There exist Co > , eo > so if S is a disk as above, R> Cq ri, and 
eo > e, then i^i fl S \ Si is an (oppositely oriented) A^- valued graph S2. 

Proof. Fix 2 G Si over dDr^. Since d'Ez^2ri is a simple closed curve, it must pass between 
the sheets of Si and hence through some other component S2 of Ei fl S. 

The version of the "estimate between the sheets" given in theorem 111.2.4 of ||CM3|| gives 
eo > so that Ei D S is locally graphical (i.e., if 2; G -Ei fl S, then (ns(2;), (0, 0, 1)) 7^ 0). It 
follows that each component of -Ei fl S is an A^-valued graph. 

Fix a component Q of \ S. We show next that S2 is the only other component of 
-El n S (i.e., -El n S C Si U S2). If not, then there is a third component S3 which is also 
an A^-valued graph. An easy argument (using orientations) shows that there must then be a 
fourth component S4 of -Ei fl S. Using that each Sj is a multi- valued graph, it follows easily 
that we can choose two of these four which cannot be connected inQnEi, call these Sj^, Sjj. 
The rest of this argument uses these components to find a stable F C f2 which has points of 
large curvature by Proposition |1.0.11|, contradicting the curvature estimates from stability. 



First, we construct dT. Let aj C Sj^ be the images of {6 = 0} from {xf x\ = 4r^} to dB^^ 
and set yj = {xf + xl = 4r^} fl daj. By Lemma yi, 2/2 can be connected by a curve 



(To C -Bcs ri n S. By the maximum principle, each component of Br fl S is a disk. Therefore, 
we can add a segment in dB^ fl S to Uo U Ui U (T2 to get a closed curve cr C S. A result of 



MeYall then gives a stable embedded minimal disk F C f2 with dT = a. 



Now that we have F, we show that Proposition 1.0.11 applies. Namely, let (the disk) 
r2Csri(c"o) be the component of B2Csri H F containing ao, so that 9F2Csri(c"o) contains a 
curve u C dB2Csri connecting cri to (J2- Since 0"i,cr2 are in the middle sheets of Sj^,Sj2 
(and F is stable), F contains two disjoint (A^/2 — l)-valued graphs Fi,F2 in Ei which spiral 
together and z/ connects these (note that -Ei fl F may contain many components; at least two 
of these, say Fi,F2, spiral together). Let Fq be the component of Fr/2(c"o) \ (i^ U Fi U F2) 
which does not contain F2Csri(o"o)- It is easy to see that Fq fl 9F = 0; in fact, if x G Fq, 



then distr(x, 5F) > |x|/2. Therefore, for R/ri sufficiently large. Proposition |1.0.lT] gives an 



interior point of large curvature, contradicting the curvature estimate for stable surfaces. We 
conclude that -Ei fl S C Si U S2. Finally, it follows easily that S2 is oppositely oriented. □ 



The proof of Proposition |11.1.3| simplifies when S is in a slab. In this case, [Q, ||(J1V12| | and 



the gradient estimate (cf. lemma 1.0.9 of | ](J1V13| | ) force F to spiral indefinitely if it leaves E^. 

11.2. An intrinsic version of Theorem [o77| 

We will first show a "chord-arc" type result (relating extrinsic and intrinsic distances) 
assuming a curvature bound on an intrinsic ball. 



Lemma II. 2.1. (cf. lemma 111.1.3 in ||CM5|| ). Given Rq, there exists Ri so: If G S C Br-^ 
is an embedded minimal surface, 9S C OBr^, and sup^^^ [Ap < 4, then So,/jo C Br^. 
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Proof. Let S be the universal cover of S and 11 : S — S the covering map. With the 
definition of 5-stable as in section 2 of [|CM4|| , the argument of [pM2|| (i.e., curvature estimates 
for 1/2-stable surfaces) gives C > 10 so if i3c_Ro/2(^) C S is 1/2-stable and Il{z) = z, then 
n : B5Rf^{z) ^ 5Ro{z) is one-to-one and SsRol^) is a graph with Bm^{z) n dB^R^iz) = 0. 
Corollary 2.13 in ||(J1V14|| gives e = e{CRo) > so if |2i - 2:2! < e and |Ap < 4 on (the disjoint 
balls) BcRoizi), then each BcB.o/2{zi) C S is 1/2-stable where n(5j) = Zi. 

We claim that there exists n so So,Ro C B{2n+i)CRo- Suppose not; we get a curve a C 
So,ijo C from to dB{2n+i)CRo- For i = 1, . . . , ra, fix points Zi e dB2iCRo ^ 1^ follows 
that the intrinsic balls BcRo{zi) are disjoint, have centers in C R'^, and have \A\'^ < 4. 
In particular, there exist 11,12 with < — Zi^ \ < C Rq n~^^^ < e, and, by corollary 2.13 in 
|CM1 , each BcRo/2izi^) C S is 1/2-stable where 11(5^.) = Zi.. By [ PM2l , each Ss/jol^iJ is a 

= 0. This contradicts 
□ 



graph with ^4^0(2;^ J n dB^R^izi^) = 0. In particular, Br^ D dB^R^iz, 
that (7 C -B/Jq connects Zi. to dBcRoizi ). 



An immediate consequence of Lemma [II.2.1| , is that we can improve Theorem (and 
hence also, by an intrinsic blow-up argument. Theorem p.6|) by observing that the multi- 
valued graph can actually be chosen to be intrinsically nearby where the curvature is large 
(as opposed to extrinsically nearby): 

Theorem II.2.2. Given iV e Z+, e > 0, there exist Ci, C2, C3 > so: If G c Br C 
is an embedded minimal disk, dT, C OBr, and sup^^ \A\^ < 4 | Ap(0) = ACf r^^ for some < 
tq < R, then there exists (after a rotation) an A^- valued graph C S fl {xg < (x^ -|- x^)} 
over Dr/c2 \ D^^ with gradient < e, separation > C3 Tq over 00^^, and dists(0, S^) < 2ro. 

Proof. By combining theorems 0.4 and 0.6 of [pM4|| , we get Cq, 6*2,6*3 so if sup^^^^^^ \ A\'^ < 
4 |Ap(0) = 4C*Qr^^, then we get (after a rotation) an A^-valued graph S^, C S fl {xg < 
(x^ -|- X2)} over Dr/c2 \ Dro with gradient < e, separation > C*3ro over dDr^, and which 



intersects So,ro- Namely, theorem 0.4 of ||(JM4| | gives an initial A^- valued graph contained 
in So,ro and then theorem 0.6 of | |(JM4[ | extends this out to dDR/c2- Let C*i be the -Ri 
from Lemma [II.2.1| with Rq = Cq. By rescaling, we can assume that |y4p(0) = 1 and 
supg^^ I^P ^ 4. By Lemma P-1.2.1| , Sq.Co C Bc\, hence supj^^^^^ |Ap < 4. Theorems 0.4 and 



0.6 of ||CM4|] now give the desired S 



□ 



A standard blowup argument gives points as in Theorem [11.2.2| (with C*4 = 1 and s = tq 



Lemma II. 2. 3. (Lemma 5.1 of ||CM4|| ) . Given C*i,C4, if i3(7iC4(0) C S is an immersed 
surface and |Ap(0) > 4, then there exists Bc4,s{z) C BciC^i^) with 



sup |Ap <A\A\^{z) =4:C^s~ 



(n.2.4) 



Proof. This follows as in Lemma 5.1 of ||CM4| ] , except we define F intrinsically on Bc^cS^) by 
F = (f \A\^ where d{x) = C1C4 - dists(a;, 0) (so F = on dBc,cM, ^(0) > ^{CiC^y]. Let 
F{z) be the maximum of F and set s = Ci/\A\{z). It follows that supg , (z) 

rf(2)/2\ / 

and (using F{z) > (CidY) we get 2C*4S < d{z), giving (|lL2ll ). 



A|2 < 4|A|2(2J 
□ 



LOCALLY SIMPLY CONNECTED 
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Part III. The stacking and the proof of Theorem p.2 



This part deals with how the muhi-valued graphs given by [|CM4|| fit together. As men- 
tioned in the introduction, a general embedded minimal disk with large curvature at some 
point should be thought of as obtained by stacking such graphs on top of each other. 

III.l. Decomposing disks into multi- valued graphs 

Fix > 6 large, 1/10 > e > small. We will choose > small depending on e 
and then let A^^^ = Ng{eg) be given by proposition II. 2. 12 of ||(J1V13 1 . Below S will be an 



embedded minimal disk. Theorem [1I.2.2| gives Ci, C2, C3 (depending on eg, N, and Ng) so if 



Bji{y) n 9S = and the pair {y, s) satisfies 

sup \A\'^ <4\A\'^{y) = 4Cfs-\ (III.l.l) 

Bssiy) 

then (after a rotation) we get an (A^+ Aj, + 4)-valued graph Ei over D2^Ng j^^(-,^{p)\D^~Ng ^^2ip) 
with gradient < eg, separation > C3 s over dDa{p), and dists(y, Ei) < 2s (where p = 
(2/15 1/2; 0)). In particular, by proposition II. 2. 12 of ||CM3|| and the version of the "estimate 



between the sheets" given in theorem III. 2. 4 of | UM3 ], we can choose eg = eg{e) > so that 
(1) the concentric (A^ + 3)-valued subgraph Si over Dji/c^ip) \ Ds{p) satisfies ([1. 0.81) and (2) 



each component of S between the sheets of Si (as in ( [11.1.2| )) is an (A^ + 2)-valued graph 
also satisfying ( |1.0.8D . In the remainder of this section, Ci, C2, C3 will be fixed. 



Let eo,Co be from Proposition [il.l.3| and suppose e < eo. If s < R/{8C2Co) for such 
a pair {y,s), then Proposition [II.1.3| applies. Let E,E be the regions between the sheets 
of the concentric (A^ + 2)-valued and (A^ + l)-valued, respectively, subgraphs of Si (over 
Dr/C2{p) \ Ds{p)). By Proposition |iTT3l (and (2) above), E n S \ S 1 is an (A^ + l)-valued 



graph S2; similarly, fl S \ Si is an A^-valued graph S2 C S2. Let Si C Si be the 
concentric A^-valued subgraph. Since c?Sj^ 4^ is a simple closed curve, it must pass through 
E\'Ei. Therefore, since S2 is the only other part of S in E, we can connect Si and S2 by 
curves h'± C dB^^ (y) H S which are above and below E, respectively. This gives components 
S-t of Sj^ j:j/(2C2) \ (^1 U S2 U iy±) which do not contain Sj^ and which are above and below 



E, respectively (these will be the Sq's for Proposition |I.0.11| ] 

Given a pair satisfying ( [III.1.1| ) , Proposition [I.0.11| and Lemma p.2.3| easily give two nearby 
pairs (one above and one below): 

Lemma III. 1.2. There exists C4 > 1 so: If G S C B^ji is an embedded minimal disk 
with (9S C dBsR, (0,s) satisfie s ( [III.l. 1|) , and s < mm{R/ (20^), R/ {8C2C0)}, then we get 
{y-,s_) also satisfying ( [III.1.1| ) with y_ G S_ and S^^ C So,c4s \ -645- Moreover, the 
A^-valued graphs corresponding to (0, s), (y_, s_) are disjoint. 

Proof. Proposition |I.0.11| gives C4 = C'4(Ci) and z G So,c4s/2 n S_ \ Bgs with |2;p \A\'^{z) > 
4(8Ci)^. Since -EflS consists of the multi- valued graphs Si, S2, we have |xp |y4p(x) < C on 
EnBc^^s^^- \B2s for C small (C can be made arbitrarily small by choosing e even smaller). 
Hence, z ^ E and so B\z\/2{z) H E = 0. Applying Lemma p.2.3| on ^121/2(2;), we get (?/_, s„) 
satisfying ( pil.l.l| ) with Bss_{y^) C B\z\/2{z) (c T,^\E). It follows that Sj,__4s_ C So,c4s\-B4s 
and the corresponding A^-valued graphs are disjoint. □ 
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Let C4 be given by Lemma in.l.2| . Iterating the construction of Lemma [IIL1.2 



we can 



decompose an embedded minimal disk into basic building blocks ordered by heights (the 
points Pi in Corollary [1II.1.3| are the projections to {x^ = 0} of the blowup points yi): 

Corollary III. 1.3. There exist C5 > 1, C3 > so: Let S C -BcsR be an embedded minimal 
disk, 9S C dBc.^R- If (i/o, sq) satisfies ( [III.1.1| ) with _Bq(?/o) C Br, then there exist {{yi, Si)} 
(for i > 0) satisfying ( |III.1.1|) with yi G S_ and corresponding (disjoint) iV-valued graphs 
Sj C S of Ui over -D2r(0) \ D2si{pi) with gradient < 2e, separation > C3 Sj over dD2si{pi), 
if i < j and both Ui,Uj are defined at p, then Uj{p) < Ui{p) , (III. 1.4) 

\ B^sAy^) and U, Bc.sM \Br^^. (III.1.5) 

Proof. Starting with (yo, sq), we can apply Lemma [111.1.2| repeatedly, until the second part of 
( [111.1.5| ) holds, to find bottom A^- valued graphs giving ( [111.1.4| ) and the first part of ( |111.1.5| ). 
Each iV-valued graph is a graph over some plane with gradient < e. Since S is embedded, 
we can take these to be graphs over a fixed plane with gradient < 2e (after possibly taking 
C5 > 3C2 + 1 larger). > is now just a fixed fraction of C3. □ 

In the next lemma and corollary, S C Bc^r is an embedded minimal disk, (9S C dBcr^R- 

Lemma III. 1.6. If {y,s) satisfies (|III.1.1|) , Bs{y) C Br/2, then the corresponding 2-valued 
graph over -Di?(0) \ Ds{p) (after a rotation) has separation > C3 {s/RY s/2 at dDji{0). 

Proof. By the discussion around ([1II.1.1|) , the separation \w\ is > C3S at dDs{p) and 
|Vlog \w\ \ < e/pp on D2r{p) \ Ds{p). Since Ds{p) C Dij/2(0), integrating gives 

min Iwl > min Iwl > C3 (s/(2i2))' s . (III.1.7) 

dDR{0) D2R(v)\Dn/2(v) 

□ 

Corollary III. 1.8. There exists Ce > so if (0, s) satisfies ( |111.1.1| ) and sup^^j-Q^p^, I^P < 

5C^s~^ for some 4C| s < i < R, then there exists {z, r) satisfying ( [III.1.1| ) with E^^^ C So,^/2, 
so the separation at dDi^O) between the 2-valued graphs Sq, S^, corresponding to (0,s), 
(2,r), is > Cais/iyi, and C S_. 

Proof. Set (1/0, So) = (0, s) and let {yi,Si), Sj, Wj, pi be given by Corollary [1II.1.3| . Let io be 
the first i with Bc^s.^iyio) \ S^/2(0) 7^ 0. Set (2;,r) = {yi^_i, Si^-i). It follows for i < io that 
BsiiVi) C i?£/2(0) and Sj > s/2 since sup5^(-Q)|-|2_ < 5Cfs~^. Hence, by Lemma [III.1.6| 
(as in Corollary [rTTX3| ), has separation > (^3 (s/£)^ Si/4 at (9D£(0) for z < iq. By ( |11L1.5| ), 
i/4: < J2i<io ^i^i ^ (1 + C*4) X]j<io ^4'5i- Since the Sj's are ordered by height, the separation 
at aD,(0)"between Sq and = S,„_i is > ^ {s/iy Si/A > Cq {s/iY L □ 



III. 2. Stacking multi-valued graphs and Theorem 0.2 



If {y, s) satisfies (|III.1.1|) , then Y,y is the corresponding 2-valued graph and '^y- the portion 
of S below Tiy. Given C > 8, we will consider such pairs which in addition satisfy 

sup \A\^ < A\AWy) = ACls-^ . (IIL2.1) 

Using Section |III.l , we show next that a pair (0,s) satisfying (|III.2.1|) has a nearby pair 
with a definite height below Sq. E C Bq^r, dT, C OBq^r is an embedded minimal disk. 



LOCALLY SIMPLY CONNECTED 
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Proposition III. 2. 2. See fig. 9. There exist C,C > 10 C| and 5 > so if (0, s) satisfies 
( IIII.2.1I) with s < RjC, So C S is ov er Dn\D, (without a rotation), and \Ju{{Rsfl'^, 0) = 0, 
then we get {y.t) satisfying ( [[II.2.1| ) with y G 0^(0) n E_ \ Bcsji- 

Proof. We will choose C large below and then set 6 = S{C) > 0, C = C{C). Note first that 
(since Vu{{Rsy/^,0) = 0), corollary 1.14 of jCMTfl gives that |Vm(p,^)| < Ca ip/s)'^^^^ for 
s < p < {RsY^'^ . Integrating this, we get for s < p < {RsY^'^ 

Hp. e)\<s + Ca j\r/sr'/'' rfr < (1 + 2Ca) [s/pf^^ p . (III.2.3) 

Proposition [LOlII gives Cb{Ci,C), E Bc,s n S_ \ B^^ with \A\'^{zo) > bC^Cj \zo\~'^. 
Set 

A={xe Bc,sr\T._ I |A|2(x) > ^C^Cl\x\-^}, (III.2.4) 

(so zq G ^) and let xq E A satisfy \xq\ = infa;g^ \x\. So |y4p < bCfs^"^ on fl S_ by 
( [111.2. 1| ) and Cs < \xo\ < CbS. An obvious extrinsic version of Lemma |11.2.3| (cf. Theorem 
[A.9| ) gives {y,t) satisfying ( |111.2.1| ) with Bctiy) C -B|a;o|/2(a^o)- We can assume \p\ > 4|y|/5. 

Since \A\'^ < 5 Cf s^^ on 5|^,|/2 n S_ and (0, s) satisfies ( |111.2.1| ) hence ([111.1.1|) , Corollary 
111.1.8| (with £ = IpI) gives {z,r) also satisfying ( [111.1.1| ) with C S„, S^,, C Eo,|p|/2, and 
so the separation between Eg and is at least Cc{s/\y\y\y\ at p. However, since S is 
embedded, then E^^ must be below both Sq and S^. Combining this with ( |111.2.3|) gives 

\x,\{y)/\y\ > C,{s/\y\r-il + 2C,)is/\y\f'' . (III.2.5) 

Since C < 2\y\/s < 3Cb, by choosing C sufficiently large and then setting C = C{C,C^), 
Cb = Cb{C) (where C is chosen so C^s < (RsY^'^) the proposition follows from ( [1II.2.5| ). □ 

We show next Theorem p.2| . Namely, iterating Proposition [1II.2.2| , we show that if the 
curvature of an embedded minimal disk were large at a point, then it would be forced to 
grow out of the half-space it was assumed to lie in. First we need: 



Lemma III. 2. 6. Given C, 6 > 0, there exists ei > so: Let S C -B2ro l~l {^3 > 0} be an 
embedded minimal disk, (9S C dB2ro, and sup5^p||2.g<5^|j| |Ap < Ctq^, then sup^/ \A\'^ < Tq'^ 
for all components S' of Br^ fl S which intersect B^-^ro- 



Proof, li y E Bro n J: n {x3 < 5ro/A}, then sup^^^^ |Vx3p < C a;|(?/) 5" ^ (by the 
gradient estimate) and hence T,y^gro/2 is a graph for x^^y) / {6 tq) small; cf. Lemma [X7^ . The 



lemma follows by applying this to a chain of balls as in the proof of lemma 2.10 in [CM8[ or 



the theorem in [ |ClVliq ]. □ 



Let Ci, . . . , Cg be as above and S, C, C be from Proposition III. 2. 2 



Proof, (of Theorem p.2|) By Lemma 1II.2.6| (and scaling), it suffices to find o? > and C > 1 

so if S C B^(j^(jj^ n {xs > 0} and 9S C dB^^^^^j^, then 

sup \A\^ <AC^ Cl {dPy^ . (III.2.7) 

Suppose ([III.2.7I ) fails; we will get a contradiction. An obvious extrinsic version of Lemma 
p.2.3| gives {yo.so) satisfying (|III.2.1|) with BcsaiUo) C B2dR- Let Sq be the corresponding 
A^- valued graph of uq over D^^j^ \ Ds^^po) and S„ the portion of S below Sq. 
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To apply Proposition [II. 2. 2 we will need that if (y, s) satisfies ( [III. 2.1 ) with y G B2R fl S 



(where is a graph of u over D^j^ \ Ds{p)), then 

s < R/C and | VM(((7i?s)^/^ 0)| < 5/A. (III.2.8) 

To see (p^II.2.8|) , observe first that by proposition II. 2. 12 of [|CM3|] (since uq > 0), sup^i^^ uq < 
2dR{6/dY < l2R(f-'. It follows that Eg/j n S_ C {0 < < l2Rd^-'}; hence, s < 
CaRd^~'^ and by the gradient estimate supg^,^^ |Vn| < C^d^'^'^. Lemma 1.8 of ||CM7|| and 



the mean value inequality (as in corollary 1.14 of | |(J1V17| |) gives |Hess„| < Cc{CR) ^'^^p 



-5/12 „-7/12 



for {CRsfl'^ <p<CR. Combining these gives at p = {CRsf/^, 9 = 

\Vu\<Cbd^^' + Cc{CR)-^'^^ r^'^^dt = Ci,d^-' + C'J0-^'^^ . (III.2.9) 

Jo 

In particular, for c? > small and C large, (|III.2.9|) gives (|III.2.8|) . 

Repeatedly applying Proposition [III.2.2| (using ( [III.2.8| )) gives (?/i+i, Sj+i) satisfying (pi. 2.1 



with G C'5/2{yi) n S_ \ Bcs,/2{yi)- After choosing d > even smaller, it follows that the 
?/i's must leave the half-space before they leave Br. □ 



Proof, (of Corollary |0]^). Using Si U S2 as a barrier, ||MeYa |, and a linking argument (cf. 



Lemma [1I.1.1| ) give a stable surface F C Bcr^ \ (Si U S2) with dV C dBcr^ and B^ro H F 7^ 
Estimates for stable surfaces give a graphical component of i?2ro ^ T which intersects B^r^- 
The corollary now follows from Theorem |0.2|. □ 



Part IV. The short connecting curves and Theorem [I.0.10| 



We first combine Lemmas |1I.1.1| and |II.2.1| to see that any curve in S which intersects 
both above and below a multi-valued graph (with a curvature bound on an intrinsic ball) 
connects to it in a fixed intrinsic ball: 

Corollary IV. 0.10. Given Ci, there exists C4 > 1 so: Let S, S^, i^oi ''"0 be as in Lemma 
1I.1.1| . If supg^ ^ |Ap < 4Ci Tq ^ and 77 C i?2ro connects points in dB2ro above and below 



Eq, then 7] C Bc^ro- 

Proof. Let S2ro('7) be the component of B2r^ H S containing 77. By the maximum principle, 
^2roiji) is a disk and so dT,2ro{ji) must pass through Eq (to connect the points on opposite 
sides of Eq). Hence, by Lemma |II.1.1| , S2ro(?7) C Sg^Csro- Finally, by Lemma p^I.2.1| , So^c^r-o C 



Bc^ro, giving the corollary. □ 

Proof, (of Theorem [I.U.IU ). Fix e > with e < min{eo,es} (^o given by Proposition |11.1.3| 

Choose Nq, Rq large so that Proposition |II.1.3| gives "the other 



and e, from Lemma II. 1.1 



half" S2. If Si comes from an intrinsic blow up point, then it follows from Lemma P.l.l| 
that there are short curves connecting Si and S2. While it is a priori not clear that every 
multi-valued graph arises this way. Theorem [1I.2.2| implies that every multi- valued graph is 



intrinsically near one of these. We use this below to produce the short curves erg in general. 

Suppose that no ag with length < C exists for some 9; we get yi G {xf + x\ = 1} fl Sj 
for i = 1,2 with dists(2/i, ^2) > C and so yi,y2 are in consecutive sheets of S (i.e., yi and 
1/2 can be connected by a segment parallel to the xs-axis which does not otherwise intersect 
S). See fig. 19. We will get a contradiction from this for C large. 
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Figure 19. If Theorem fOAUj fails, 
then there are points yi G Si and 
1/2 G E2 in consecutive sheets which 
are intrinsically far apart. 



Figure 20. Proof of Theorem 1. 0.10 



The blowup points Zi, Z2 and the cor- 
responding multi- valued graphs Ei, S2 
and the curves rji connecting yi with 



Since i9Ey^^4 is a simple closed curve, it must pass through E\Ili. See fig. 20. Therefore, 
since S2 is the only other part of E in E, we can connect Ei and E2 by a curve in (9Ey^ 4. 
Connecting the endpoints of this curve to yi and ?/2 gives a curve 77 C E^^ 4 from yi to ?/2- 
Since B^^iyi) is not a graph, supg^^^.-) |y4p > Co > 0. Let Ci,C2 (depending on e and some 
fixed iV > 6) be given by Theorem |11.2.2| and C4 = C4(Ci) given by Corollary P^V.0.10 



Lemma [11.2.3| gives pairs {zi, Si) satisfying ( [1I.2.4|) with Bc4,sX^i) C Bc'ijji) where C does 



not depend on C. Let Ei,E2 be the multi- valued graphs given by Theorem [11.2.2| and E. 



the regions between the sheets. Since dists(2i,Ej) < 2sj, we can choose curves rji from 
yi to B2si{zi) n Sj with length < C . Combining Corollary [1V.0.10| , Length(?7j) < C , and 
dists(yi, ^2) > C*, it is easy to see that, for C large, r^i intersects only one side of £'2Ui?2s2(-22); 
similarly, 772 intersects only one side of Ei U B2s^{zi). 

We will next find a third pair (2:3,53) satisfying (p.2.4|) which is between Ei U i?2si(2i) 
and E2 U 5253(^2) but which is intrinsically far from 771,772; Corollary [IV.O.IO] will then give 



a contradiction. Since dists(77i, 772) > C — 2C', rji intersects only one side of E2 U i?2s2(^2), 
?72 intersects only one side of Ei U i?2si(-2i), and r] C ^y^A connects yi,y2, it is easy to 
see that there is a point G ^yi,4 with dists(y3, {'7i,'72}) > (C* — 2C')/2 and so y^ is 
between Ei Ui?2si(^i) and £^2 Ui?2s2(^2)- (This last condition means that there is a curve rjy.^ 
from i?2si (^1) to -B2S2 (^2) so 1/3 G r/^^g and T/^^g intersects only one side of each of Ei U i?2si (2:1), 
£^2Ui?2s2(^2)-) As above. Lemma ^ 1 . 2 . 3| gives a pair (23, S3) satisfying ( [II. 2. 4]) with Bc^sz^zz) C 



Bc'iVs) and then Theorem |11.2.2| gives corresponding S3, E^. Since C" does not depend on 
C, we can assume that 

dists(z3, {7/1,7/2}) >C/4. (IV.0.11) 



It follows easily from Corollary [IV.O.IO] that £^3 is between Ei and E2 (since S3 is close to 



ys and 2/3 is far from Ei,E2). Moreover, it is easy to see that at least one of 7/1,7/2 must 
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intersect both sides of E^, U -8253(2:3) and, therefore, Corollary P^V.0.1Q| gives 

dists(S3, {VuV2})<C" (IV.0.12) 
{C" independent of C). For C large, ( |IV.0.11| ) contradicts ( |IV.0.12| ), giving the theorem. □ 

Appendix A. One-sided Reifenberg gondition and curvature estimates 

We will show here curvature estimates for minimal hyper- surfaces, S"~^ C M", which 
on all sufficiently small scales lie on one side of, but come close to, a hyper- surf ace with 
small curvature. Such a minimal hyper-surface is said to satisfy the one-sided Reifenberg 
condition. Note that no assumption on the topology is made. Inspired by the classical 
Reifenberg condition (cf. ||ChC|| and references therein) we make the definition: 

Definition A.l. A subset, F, of M" satisfies the {5 ^tq)- one-sided Reifenberg condition at 
X G F if for every < a < ro and every y G i?ro-o-(2;) flF, there is a connected hyper-surface, 
L^y-\ with dLy^„ C dB„{y), 

Bsa{y)nLy,„y^iD, sup \AL\^<S^a^\ (A.2) 
Ba{y)nL 

and the component of B^{y) fl F through y lies on one side of Ly^„. 

Lemma A. 3. There exist ri(io,A;,n) > 0, < eo < 1, C = C{n) so for e < eg, rg < ri: If 
z G C i?ro = Brg{z) C is an embedded minimal hyper-surface, (9S C dBj.g, and 

there is a connected hyper-surface, L""^, with dL C dBr^, B^ro H L 7^ 

sup \AL\^<e^r^\ (A.4) 



sup \A\'<e'or^\ (A.5) 
and 5,.,, fl S lies on one side of L, then [^(z)^ < C r^"^. 

Proof. We will prove this for B^g = -Bro(O) C R" {z = 0, ri = 00); the general case is similar 
(cf. [ |CMT| ). Choose eo > so: If B2s{y) C S, s sup^^^^y-^ \A\ < 4eo, and t < 9s/5, then 
G Tiy^t is a graph over T^S with gradient <t/s and 

inf |y'-y|/distE(y,y')>9/10. (A.6) 

Using B^ro n L 7^ 0, let L^i be a component of B^s. H L containing some yi G B^^-o ^ L. By 
( |A.4| ) and ( [A.6| ), Li^ C Biro^yi). Hence, by ( |A.4|) , we can rotate so Lz^ is a graph over 

{xn = 0} with |Vlx„| < e and |x„(L)| < 4ero. Since L fl S = 0, x„ + 4ero > is harmonic 
on Br^ C S. By ( |A.5| ), the Harnack inequality (and G S) yields C = C{n) so 

< sup(x„ + 4ero) <C inf (x„ + 4ero) < 4Cero . (A. 7) 



B 



Since Sni is a graph with bounded gradient, elliptic estimates give 

/ \A\^<C'r^' [ Kp, (A.8) 
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where C = C'{n). Combining (|A.7|) and (|A.8|) , the lemma follows from the mean value 
inequality since AjAp > -2 (see [pvTTl ). □ 

Theorem A. 9. (Curvature estimate). There exist ei{iQ,k,n),ri{iQ,k,n) > so: If ro < ri, 
^n-i j^^^^ _ Brg{x) C M" is an embedded minimal hyper-surface, dT, C dBr^, and 
S satisfies the (ei, ro)-one-sided Reifenberg condition at x, then sup^^ .^ns I^P — '^"^ for 
< cr < ro- 



Proof. Take ri > as in Lemma [A. 3| , and set F = (rg — r) |A| . Since -F > 0, FlS-BroHS = 



and S is compact, F achieves its supremum at y G 9-8^0-0- H S with < a < tq. If F < 1, 
the theorem follows trivially. Hence, we may suppose F{y) = sup^^^^j^F > 1. With eo < 1 
as in Lemma |A.3| , define s > by = Co/^- Since F{y) = |A(y)P > 1 and eo < 1, 



we have 2s < a. Since F{y) > 1 

2 _ /rr\2 



sup (^) \A\^< sup (^) \A\^< sup F = a^\A{y)\\ (A.IO) 



Multiplying ( |A.10| ) by 4s^/cr^ gives sup^ /^^nj] |Ap < eg. Hence, the (ei, ro)-one-sided 



Reifenberg assumption. Lemma A. 3 contradicting the choice of s if C < e^/A. Therefore, 



F < 1 for this ei, and the theorem follows. □ 
Letting tq — * oo in Theorem A.9| gives the Bernstein type result: 



Corollary A.ll. There exists e(n) > so any connected properly embedded minimal 
hyper-surface satisfying the (e, oo)-one-sided Reifenberg condition is a hyper-plane. 

We close by giving a condition which implies the one-sided Reifenberg condition. Its proof 
(left to the reader) relies on a simple barrier argument (as in the proof of Corollary |0.4| ). 



Lemma A. 12. There exist eo^io, k),ri{io, k) > 0, c{io,k) > 1 so: Let C Br^ = Br^ix) C 
be an embedded minimal disk, 9S C dBr^, and vq < ri. If for some e < eo, all a < ro 
and all y G Br^-a H S there is a minimal surface T,y^„ C B^j^y) \ E with dT,y^„ C dB^iii) and 
Sj^ o- n B^„{y) ^ 0, then S satisfies the (ce^ro)-one-sided Reifenberg condition at x. 



Appendix B. Laminations 

A codimension one lamination on a 3-manifold is a collection C of smooth disjoint 
surfaces (called leaves) such that UAg^A is closed. Moreover, for each x G M there exists 
an open neighborhood U oi x and a coordinate chart, (t/, $), with $(?7) C R'^ so in these 
coordinates the leaves in C pass through $(f/) in slices of the form (R x {t}) n ^{U). 
A foliation is a lamination for which the union of the leaves is all of M and a minimal 
lamination is a lamination whose leaves are minimal. Finally, a sequence of laminations is 
said to converge if the corresponding coordinate maps converge. Note that any (compact) 
embedded surface (connected or not) is a lamination. 

Proposition B.l. Let be a fixed 3-manifold. If £j C B2r{x) C M is a sequence 
of minimal laminations with uniformly bounded curvatures (where each leaf has boundary 
contained in dB2R{x)), then a subsequence, Cj, converges in the topology for any a < 1 
to a (Lipschitz) lamination £ in Bji{x) with minimal leaves. 
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Proof. For convenience we will assume that each lamination Ci has only finitely many leaves 
where the number of leaves may depend on i. This is all that is needed in the application 
of this proposition anyway. Fix xq G B^{x). The proposition will follow once we construct 
uniform coordinate charts $j on a ball = Bj.^{xq), where 4ro < -R is to be chosen. 
By assumption, there exists C so that sup^^^ p,^ |Ap < C r^"^ for each i and every K E Ci. 

Replacing tq > with a smaller radius, we may assume that C > and ro \/k are as small as 
we wish and ro < y («o being the injectivity radius and k a bound for the curvature of M in 
B^ro)- In fact, if {xi,X2,X3) are exponential normal coordinates centered at Xq on Bj.g, then 
UAe£i-Bro gives a sequence of disconnected small curvature surfaces in these coordinates. 
By standard estimates for normal coordinates, the curvature is also small with respect to 
the Euclidean metric. Going to a further subsequence (possibly with ro even smaller), for 
each i every sheet of UAg/:.i?2ro(0) fl A is a graph with small gradient over a subset of the 
X {0} plane containing a ball of radius ro centered at the origin. 
We claim that, in this ball, the sequence of laminations converges in the C" topology to a 
lamination for any a < 1. The coordinate chart $ required by the definition of a lamination 
will be given by the Arzela-Ascoli theorem as a limit of a sequence of bi-Lipschitz maps 
$i : {xj)j — with bi-Lipschitz constants close to one and defined on a slightly smaller 
concentric ball Bsr^ for some s > to be determined. Furthermore, we will show that for each 
i fixed $j~^(_Bsro n Uas/: A) is the union of planes which are each parallel to R^ x {0} C R^; 
cf. 0. 

Set $j ^(1/1,1/2,2/3) = (2/1,2/2,01(2/1,2/2,2/3)), where (pi is defined as follows: Order the sheets 
of -B2ro(0) nAg£; A as Ai^k for /c = 1, ■ ■ ■ by increasing values of X3 and let Aj^^ be the graph 
of the function fi^k over (part of) the R^ x {0} plane. The domain of fi^k contains the ball 
of radius ro around the origin in the R^ x {0} plane. With slight abuse of notation, we will 
also denote balls in R^ x {0} with radius t and center by _Bj. Set Wi^k = fi,k+i — fi,k- In 
the next equation. A, V, and div will be with respect to the Euclidean metric on R^ x {0}. 
By a standard computation (cf. |S|, (7) on p. 333 or chapter 1 of |PM1|] ), 

Awi^k = div (a Vwi^k) + b Vwi^k + c Wi^k ■ (B.2) 

Here a is a matrix valued function, 6 is a vector valued function and c is a function. Although 
a, b, and c depend on i, their scale invariant norms are small when C and Vkr^ are. By 
( p.2| ), the Schauder estimates and Harnack inequality (e.g., 6.2 and 8.20 of [piTr|| ) applied 
to the positive function Wi^k give 

sro sup \Vwi^k\ <C sup Wj,fc < exp(ea s'^) ^nf Wi^k ■ (B.3) 







Where and /? > depend on the scale invariant norms of a, b, and c. Set Mj ^ = /i,fc(0). 
In the region {(2/1,2/2,2/3) ^ Br,, x [M^^fc, Mj,fc+i]}, define (pi by 

(piiVi, 2/2, 2/3) = /i,fc(2/i, 2/2) + Wi,fc(2/i, 2/2) • (B.4) 

J-Vli fc+i — iVlj fc 



Hence 



Y7A V7/ I 2/3 - Mi^k ^ . Wi^k d 
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It follows easily from ( p.3| ) and (p.5| ) that for each i the map $j restricted to Bsroi^) C R'^ is 
bi-Lipschitz with bi-Lipschitz constant close to one if s is sufficiently small. By the Arzela- 
Ascoli theorem, a subsequence of <l>j converges in the C" topology for any a < 1 to a Lipschitz 
coordinate chart $ with the properties that are required. The leaves in are C^'" limits 
of minimal graphs with bounded gradient, and hence minimal by elliptic regularity. □ 

Trivial examples show that the Lipschitz regularity above is optimal. 



Appendix C. A standard consequence of the maximum principle 

Using the maximum principle and the convexity of small extrinsic balls we can bound the 
topology of the intersection of a minimal surface with a ball: 

Lemma C.l. Let C M" be an immersed minimal surface, dH C dBj.g{x)j Ka/" ^ k, and 
injectivity radius of M > i^. If vq < min{^, j^}, Bt{y) C Br^^x), and 7 C Bt{y) fl S is a 
closed one-cycle homologous to zero in Brg{x) fl E, then 7 is homologous to zero in Bt{y) fl S. 

Proof. Apply the maximum principle to / = dist^j (y, ■) on the 2-current that 7 bounds. □ 



By Lemma |C.1| , if y G Bt{x) fl S is connected, then x{Bs{y) H S) > x{Bt{x) fl S) for 



s + distM(a;, y) <t < min{^, j^}- (The Euler characteristic is monotone 
Appendix D. A generalization of Proposition I1L1.3 



In [|CM6|] , the next proposition is needed when we deal with the analog of the genus one 



hehcoid (cf. jHoKrWeH ) where S (as above (PXI )) is not a disk. The genus of a surface S 
(gen(S)) is the genus of the closed surface given by adding a disk to each boundary circle. 

Proposition D.l. There exist Cq, cq so if G E, 9S is connected, gen(E) = gen(So,r-i) 
R > CqTi, and eo > e, then i^i fl S \ Si is an (oppositely oriented) A^-valued graph S2. 

Proof. Note that, by the maximum principle and elementary topology (as in part I of ||CM5|| ) 



S \ So,j is an annulus for ri < t < AR. The proof now follows that of Proposition [11.1.3 . 

First, (a slight extension of) the "estimate between the sheets" given in theorem III. 2. 4 
of ||UM3|] gives eo so that -Ei fl S is locally graphical (this extension uses that S \ So^n is an 



annulus instead of that S is a disk; the proof of this extension is outlined in appendix A of 
||CM8|| ). As before, we get the second (oppositely oriented) multi- valued graph S2 C S. 

Second, we argue by contradiction to show that there are no other components of Ei fl E. 
Fix (Ti,(T2 as before. The proof of Lemma [1I.1.1| applies virtually without change (since at 



least one of T^a^^b must be a disk), so ai and (T2 connect in So^Csri- Hence, ctq C dTjQc.n 
connects ai and (72. Replace (jj with (Xj \ Bc^n, so that ctq U o"! U 0-2 C S \ So,ri is a simple 
curve and d{o-Q U cti U 0-2) C dJ^Q fj. Let S be the component of Sq,/?, \ (a"o U a"i U (T2) which 
does not intersect Scn- It follows that S has genus zero and connected boundary; i.e., 
it is a disk. Solve as above for the stable disk P with dT = 9S so P contains two disjoint 
{N/2 — l)-valued graphs in Ei which spiral together. For R/ ri large. Proposition [1.0. 11| gives 



the point of large curvature, contradicting the curvature estimate for stable surfaces. □ 



24 



TOBIAS H. COLDING AND WILLIAM P. MINICOZZI II 



References 

[ChC] J. Cheeger and T. H. Colding, On the Structure of Spaces with Ricci Curvature Bounded Below; I, 

Jour, of Diff. Geometry 46 (1997) 406-480. 
[CMl] T.H. Colding and W.P. Minicozzi II, Minimal surfaces, Courant Lecture Notes in Math., v. 4, 1999. 
[CM2] T.H. Colding and W.P. Minicozzi II, Estimates for parametric elliptic integrands. International Math- 
ematics Research Notices, no. 6 (2002) 291-297. 
[CM3] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed genus in a 

3-manifold I; Estimates off the axis for disks, preprint (2001). 
[CM4] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed genus in a 

3-manifold II; Multi-valued graphs in disks, preprint (2001). 
[CM5] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed genus in a 

3-manifold III; Planar domains, preprint. 
[CM6] T.H. Colding and W.P. Minicozzi II, The space of embedded minimal surfaces of fixed genus in a 

3-manifold V; Fixed genus, in preparation. 
[CM7] T.H. Colding and W.P. Minicozzi II, Multi-valued minimal graphs and properness of disks. Interna- 
tional Mathematics Research Notices, no. 21 (2002) 1111-1127. 
[CMS] T.H. Colding and W.P. Minicozzi II, On the structure of embedded minimal annuli, International 

Mathematics Research Notices, no. 29 (2002) 1539-1552. 
[CM9] T.H. Colding and W.P. Minicozzi II, Minimal annuli with and without slits. Jour, of Symplectic 

Geometry, vol. 1, issue 1 (2002) 47-62. 
[CMIO] T.H. Colding and W.P. Minicozzi II, Complete properly embedded minimal surfaces in R'^, Duke 

Math. J. 107 (2001), no. 2, 421-426. 
[CMll] T.H. Colding and W.P. Minicozzi II, Convergence of embedded minimal surfaces without area 

bounds in three manifolds, G.R. Acad. Sci. Paris t. 327, Scrie I (1998) 765-770. 
[CM12] T.H. Colding and W.P. Minicozzi II, Removable singularities for minimal limit laminations, C.R. 

Acad. Sci. Pans t. 331, Serie I (2000) 465-468. 
[CM13] T.H. Colding and W.P. Minicozzi II, Embedded minimal disks. To appear in The Proceedings of 

the Clay Mathematics Institute Summer School on the Global Theory of Minimal Surfaces. MSRI. 
[CM14] T.H. Colding and W.P. Minicozzi II, Disks that are double spiral staircases, preprint 2002. 
[CM15] T.H. Colding and W.P. Minicozzi II, Proper versus nonproper - global versus local; Embeddings of 

minimal disks, preprint 2002. 
[GiTr] D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer Verlag, 

2nd Ed., 1983. 

[HoKrWe] D. Hoffman, H. Karcher, and F. Wei, Adding handles to the helicoid, Bull. Amer. Math. Sac. 

(N.S.) 29 (1993), no. 1, 77-84. 
[MeRo] W. Meeks III and H. Rosenberg, The uniqueness of the helicoid and the asymptotic geometry of 

properly embedded minimal surfaces with finite topology, preprint. 
[MeYa] W. Meeks HI and S. T. Yau, The existence of embedded minimal surfaces and the problem of 

uniqueness. Math. Zeit. 179 (1982) 151-168. 
[Sc] R. Schoen, Estimates for stable minimal surfaces in three-dimensional manifolds. Seminar on Minimal 

submanifolds, Ann. of Math. Studies, v. 103, Princeton University Press (1983). 
[Si] L. Simon, A strict maximum principle for area minimizing hypersurfaces. Jour, of Diff. Geom. 26 

(1987) 327-335. 

[So] B. Solomon, On foliations of R"+^ by minimal hypersurfaces, Gomm. Math. Helv. 61 (1986) 67-83. 

Courant Institute of Mathematical Sciences and Princeton University, 251 Mercer Street, 
New York, NY 10012 and Fine Hall, Washington Rd., Princeton, NJ 08544-1000 

Department of Mathematics, Johns Hopkins University, 3400 N. Charles St., Baltimore, 
MD 21218 

E-mail address: colding@cims.nyu.edu and minicozzOmath.jhu.edu 



